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1. Introduction 

Since the theory of pseudo-differential operators was established in 1970's, the 
L^-boundedness of them with symbols in the Hormander class g has been well 
investigated by many authors. Among them, Calderon-Vaillancourt [S] first treated 
the boundedness for the class Sqq, which means that the boundedness of all the 
derivatives of symbols assures the L^-boundedness of the corresponding operators. 
It should be mentioned that the boundedness of all the derivatives of symbols is 
not necessary in their proof. Being motivated by this argument, many authors 
as Coifman-Meyer [S], Cordes [H], Kato [H], Miyachi [TH], Muramatu [20], Nagase 
[21 1 contributed to know the minimal assumption on the regularity of symbols for 
the corresponding operators to be L^-bounded. They said that the boundedness 
of the derivatives of symbols up to a certain order, which exceeds n/2, assures the 
L^(R")-boundedness. Especially, Sugimoto [25 showed that symbols in the Besov 
space ^(^2°n/2)'^^ implies the L^-boundedness. 

In the last decade, new developments in this problem have appeared. Sjostrand 
[22j introduced a wider class than which assures the L^-boundedness and is 
now recognized as a special case of modulation spaces introduced by Feichtinger 
[HI Uni HI]- These spaces are based on the idea of quantum mechanics or time- 
frequency analysis. Sjostrand class can be written as M°°^^ if we follow the notation 
of modulation spaces. Grochenig-Heil [16] and Toft [26] gave some related results 
to Sjostrand's one by developing the theory of modulation spaces. Boulkhemir [3] 
treated the same discussion for Fourier integral operators. 

We remark that the relation between Besov and modulation spaces is well studied 
by the works of Grobner [IS], Toft [25] and Sugimoto- Tomita |2S], and we know 
that the spaces -B|^'2°^''^2)'^'' ^-nd M°°'^ have no inclusion relation with each others 
(see Appendix) although the class Sq q is properly included in both spaces. In this 
sense, the results of Sugimoto [21] and Sjostrand [22] are independent extension of 
Calderon-Vaillancourt 's result. 

The objective of this paper is to show that these two results, which appeared 
to be independent ones, can be proved based on the same principle. Especially 
we give another proof to Sjostrand's result following the same argument used to 
prove Sugimoto's result. For the purpose, we use the notation of a-modulation 
spaces Mf'^ (0 < a < 1), a parameterized family of function spaces, which includes 
Besov spaces B^''' and modulation spaces M^''^ as special cases corresponding to 
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a = 1 and a = 0. The a-modulation spaces were introduced by Grobner [15j . 
and developed by the works of Fcichtinger- Grobner [12], Borup-Nielsen [1112] and 
Fornasier [13] . 

The following is our main result: 

Theorem 1.1. Let < a < 1. Then there exists a constant C > such that 
for all a G m\°°''^^''^'^'}\ , JK" x M") and f G 

(an/2, an/2), (q, a) ^ ' ^ ' 

The exact definition of the product a-modulation space M^^'^^'l^^''^^ will be 
given in Section |21 and the proof will be given in Section |3| Theorem 11.11 with 
a = 1 is the result of Sugimoto [53] while a = Sjostrand [55]. 

As an important application of Theorem 1 1.1[ we can discuss the L^-boundedness 
of the commutator [T, a] of the operator T and a Lipschitz function a{x). Calderon 
[4] considered this problem when T is a singular integral operator of convolution 
type, and Coifman-Meyer [7] extended this argument to the case when T is a pseudo- 
differential operator with the symbol in the class Si g. Furthermore, Marschall 
showed the L^-boundedness of this commutator when the symbol is of the class 
S'^g with m = p, especially the class Sq q. On account of Theorem ll.il it is natural 
to expect the same boundedness for symbols in Besov and modulation spaces. In 
fact we have the following theorem: 

Theorem 1.2. Let < a < 1. Then there exists a constant C > such that 
|j[a(X,Z?),a]/|U2 <C||Va|U-||a||^^(oo,oo,,a,i, 11/1^2 

for all Lipschitz functions a, a € Mj-^^^^^^f^^ ^^(M" x R") and f £ 5(R"). 

Theorem 11.21 with a — I, which requires a S ^l^/2°n+i)^^ ^ extension of the 
result by Marschall [H] which treated the case a G 

N > n + I. Theorem 11.21 with a = is a result of new type in this problem. The 
proof of Theorem 11.21 will be give in Section H] 

2. Preliminaries 

Let iS(R"') and iS'(R") be the Schwartz spaces of all rapidly decreasing smooth 
functions and tempered distributions, respectively. We define the Fourier transform 
J^f and the inverse Fourier transform J-~^ f of / G 5(M") by 

•^/(O = / e-'«--/(x)dx and ^-^/(a;) = -1- / e" «/(C)de 

Let cr(x, ^) G 5(R" X R"). We denote by T\a{y,i^ and Tia(x, r\) the partial Fourier 
transform of cr in the first variable and in the second variable, respectively. That is, 
Tia{y,£_) = T[(T{-,£^)]{y) and T2cr{x,T]) = !F[a{x, ■)]{r]). We also denote by T^^a 
and T2^(y the partial inverse Fourier transform of a in the first variable and in the 
second variable, respectively. We write J'\^2 = ^1^2 and = ^i^^2^ ^ ^^"^ note 
that jFi.2 and J-12 are the usual Fourier transform and inverse Fourier transform 
of functions on R" x R". 

We introduce the a-modulation spaces based on Borup-Nielsen [Il[2]. Let r) 
be the ball with center ^ and radius r, where ^ G R" and r > 0. A countable set Q 
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of subsets Q C M" is called an admissible covering if M" = UgegQ and there exists 
a constant no such that jjjQ' G Q : Q n Q' / 0} < jiq for aU Q e Q. We denote 
by IQI the Lebesgue measure of Q, and set = (1 + where ^ e R". Let 

< a < 1, 

tq = sup{r > : B{cr,r) C Q for some Cr G M"}, 
i?Q = inf {i? > : Q C S(cfl, i?) for some cr G R"}. 

We say that an admissible covering Q is an a-covering of M" if \Q\ x (0"" (uni- 
formly) for all ^ G Q and Q G Q, and there exists a constant K > 1 such that 
i?(3/rQ < iiT for all Q G Q, where "|Q| x (0"" (uniformly) for alU G Q and 
Q G Q" means that there exists a constant C > such that 

C"^(0"" < IQI < C{0°"" for alU G Q and Q G Q. 
Let tq and i?Q be as in (|2.ip . We note that 

(2.2) B(cQ,rQ/2)cQcB(dQ,2i?Q) for some cq , dg G R" , 
and there exists a constant k > such that 

(2.3) IQI > K for all Q G Q 

since \Q\ x (^q)"" > 1, where G Q. By (EH), we see that s„r^ < \Q\ < s^R^, 
where s„ is the volume of the unit ball in R". This implies 

— r>n — pn — 

'Q ' Q 

that is, 

(2.4) IQI X rj^ X i?5 for all Q G Q 
(see [U Appendix B]). We frequently use the fact 

(2.5) (Cq) X (e^) for all ^q, e Q and Q G Q. 

If a ^ 0, then (|2.5p follows directly from the definition of a-covering |Q| x ($q)"". 
By (|2.4p . if a = then Wq x |(5| x (Cq)"" = 1, and consequently there exists 
i? > such that Rq < R for all Q G Q. Hence, by we have Q C B^dg, 2R) 

for some dg G M". This implies that (|2.5p is true even if a = 0. 

Given an a-covering Q of M", we say that {^/'qIqgq is a corresponding bounded 
admissible partition of unity (BAPU) if {V'QlQeQ satisfies 

(1) supp^/jQ C Q, 

(2) EQ6Q^Q(e) = lforalUeR", 

(3) SUPggg WT-^i/JqWlI < OO. 

We remark that an a-covering Q of R" with a corresponding BAPU {V'QiQeC C 
5(M") actually exists for every < a < 1 ([2 Proposition A.l]). Let 1 < p,q < oo, 
sGM, 0<a<l and Q be an a-covering of M" with a corresponding BAPU 
{i'Q}QeQ C 5(R"). Fix a sequence {Cglges C M" satisfying G Q for every 
Q G Q. Then the a-modulation space Af|';9(R") consists of all / G 5'(M") such 
that 

ll/llA/f;5 = I E (^q>''II^q(^)/IIL I < 
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where V(-D)/ = •^^MV'/] = (-^^V) * /■ We remark that the definition of Mf;? 
is independent of the choice of the a-covering Q, BAPU {V'QlQeQ ^'iid sequence 
{^qIqgC (see [2j Section 2]). Let e 5(R") be such that 

(2.6) suppip C [-1, 1]", - fc) = 1 for all ^ G R". 

fcGZ" 

If a = then the a-modulation space M|''^(IR") coincides with the modulation 
space MP'«(M"), that is, ||/|Uf|';^ x ll/IU/f'', where 

VfeGZ" 

If s = we write MP^9(R") instead of MP-'\W). Let ipo, (p e 5(M") be such that 

OO 

(2.7) supp(^oC{|e|<2}, supp(pc {l/2< lei <2}, <^o(0 + I] '^(2"-''6 = 1 

for all C e M". Set (^j(^) = (p{£,/2i) if j > 1. On the other hand, if a = 1 then 
the a-modulation space Mf'J(]R") coincides with the Besov space ^^'^(R"), that 
is, \\f\\Ml;i - W/Wb^-", where 

(OO 
j=o 

We remark that we can actually check that the a-covering Q with the corresponding 
BAPU {V'qIqgq C 5(R") given in T, Proposition A.l] (see Lemma [13)) satisfies 

(2.8) J2 V'q(^)/ = / in 5'(R") for aU / e 5'(R") 
and 

(2.9) ^Q{D.)^Q'{Dd^{x,0=a{x,0 in 5'(R" x R") 

Q,Q'eQ 

for aU cr e 5'(R" x R"), where < a < 1, 

ipQ{D^)ijQ'{D^)a = .Fi^a'K^Q ® V-Q') = [(^^Vq) ® (^"Vq')] * ^ 

and V'Q ®V'Q'(2;,'f) = '^q[x)'4'qi{^). In the case a = 1, (|2.8p and (2.9) are well 
known facts, since we can take {</3j}j>o as a BAPU corresponding to the a-covering 
{{|C| < 2}, {{2^-1 < 1^1 < 2^+i}}j>i}, where {(/5j}j>o is as in In the 

rest of this paper, we assume that an a-covering Q with a corresponding BAPU 
{■0q}qgQ C <S(R") always satisfies ([221) and ([2^1) . 

We introduce the product a-modulation space -^(^s^)''('^'^)(IS" xR") as a symbol 
class of pseudo-differential operators. Let si, S2 G < a < 1 and Q be an a- 
covering of R" with a corresponding BAPU {''/'QlQeQ C 5(R"). Fix two sequences 
{^Q}QeQ,{S.Q'}Q'eQ C R" satisfying xq e Q and ^q' G Q' for every Q,Q' e Q. 
Then the product a-modulation space Mj^^''^^''^^'^^(M."' x R") consists of all a G 
5'(R" X R") such that 
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We note that M(^o~')^^'[,y^^(M" xM") = Af°°'i(M2"), since we can take {V'(--fc)}feGZ" 
as a BAPU corresponding to the a-covering {k + [—1, and tlj(S)tp satisfies 

(|2.6|) with 2n instead of n, where a = and tp g 5(R") is as in (|2.6[) . Similarly, 

oo oo 

and {i^j}j>Oj {fk}k>o are as in (|2.7p (see Sugimoto [531 P-116]). 

We shall end this section by showing the following basic properties of an a- 
covering: 

Lemma 2.1. Let Q be an a-covering ofK" and R > 0. Then the following are 
true: 

(1) // {Q + B{0, R)) n Q' 7^ 0, then there exists a constant k > such that 

k"'(^q) < i^Q.Q') < i^{(q) and k^I(Cq') < (Cq.Q') < K(eQ') 

for all e Q, ^Q, e Q' and ^q q, £ {Q + B{0,R)) n Q' , where n is 
independent ofQ,Q'. In particular, (^g) >; (Cq')- 

(2) There exists a constant h'q such that 

HQ' e Q : (g + B{0, R)) n gV 0} < < for all Q e Q. 

Proof Assume that {Q + B{0, R)) r\Q' where Q, Q' e Q. _ 

We consider the first part. Let £,q,q' G (g + i?(0, R)) n Q' . Since £,q.q' = + C 
for some S,q & Q and G B{0,R), we see that {^q^q') ^ (Cq)- Hence, by (|2.5p . 

(^q) (e^) (eQ,Q')- Similarly, (Cq^) x (Cq.q'). 

We next consider the second part. It follows from the first part that \Q\ x 
(Cq)"" ^ (Cq')"" ig'l, and consequently 

(2.10) |g|>;|g'| if (g + s(o,i?))ngV0- 

Let B{cQ,rQ/2) C g C B{dQ,2RQ) and B(cQ',rQV2) C g' C B{dQ',2RQ,), 
where Q,Q' eQ (see ([22])). By ([231), (123) and ([TTU)) . we see that i?Q x i?Q/ and 
Rq ^ for some constant ki independent of g G Q. Then 

(d^{Q + B{0,R))nQ' C iB{dQ,2RQ) r\ B{0, R)) n B{dQ, ,2Rq, ) 
= B{dQ,2RQ + R)n B{dQ,,2RQ,) C B{dQ, (2 + k^'R)Rq) B{dQ,,2RQ,). 

Combining B{dQ, (2 + k^^R)Rq) n B{dQ,,2RQ,) ^ and Rq x Eq,, we obtain 
that Bidqi , 2Rqi) C B{dQ, K2Rq) for some constant K2 > 2 independent of Q.Q' . 
Hence, since cq G B{dQ, K2Rq) and rg x i?Q, if (g + B{0, Rj) n g' ^ then 

(2.11) Q' (lB{dQ,,2RQ,)cB{dQ,H2RQ)cBicQ,n3rQ), 

where K3 is independent of Q, Q' G Q. Let Qj, i = 1, . . . , rtg, be subsets of Q such 
that Q — U"J!iQi and the elements of Qj are pairwise disjoint (see pT, Lemma B.l]). 
Set = {g' G Q : (g + 5(0, R)) HQ' ^ 0}. By (ITTTD . we have 

^ ig'l < |i?(cQ,K3rQ)| = (2«3)"|S(cQ,rQ/2)| < (2«;3)"|g| 
Q'eAonQ, 
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for all 1 < « < no. Therefore, by ()2.10p . we see that 

"0 "0 

{W\Q\<J2 E («4ig'i)<'^4^(2«;3nQi = rio(2«;3r«4iQi, 

1=1 Q'eAqnQi i=l 

that is, ^Aq < no(2K3)"K4. The proof is complete. □ 

3. Pseudo-differential operators and a-MODULATioN spaces 

In this section, we prove Theorem 11.11 For a G iS'(]R" x M"), the pseudo- 
differential operator a{X,D) is defined by 

o{X,D)f{x)^-^[ e^-<a{x,Omdi for / e 5(M"). 
In order to prove Theorem II. 1[ we prepare the following lemmas: 

Lemma 3.1 ([24, Lemma 2.2.1]). There exists a pair of functions (p,x & 5(R"') 
satisfying 

(1) jj,,.mx{Od^ = h 

(2) supp^ C {C e M" : ICI < 1} and suppx C {?? G M" ; |r/| < 1}. 

Lemma 3.2 ([24l Lemma 2.2.2]). Let grix) ~ g{x,T) be such that 

(1) g{x,T)eL^K-xR^), 

(2) sup^gR„ ||5(a;,-)||Li(R") < oo, 

(3) suppg; C ft, 

where griy) ~ •^1.9(2/7''") ft*^*^ ^ a compact subset of M" independent of t. If 
h{x) ~ Jjj„ e""^g(a;,T) dr, then there exists a constant C > such that 

\\h\\L^-<c\n\'/'\\g\\mRr.,j,„), 

where C is independent of g and fl. 

Lemma 3.3 ([24l Lemma 2.2.3]). Let (Tx{£,) = <t{x,£,) be such that 

(1) a,(0^Li(R^)nL2(Mn)^ 

(2) suppo%; C ft, 

where a\c{ri) = J-2(j{x,ri) and D, is a compact subset o/R" independent of x. Then 
there exists a constant C > such that 

\W{x,D)f\\L2<c\n\'/' sup Mx,-)\\L4f\\L- 

for all f G 5(M"), where C is independent of a and il. 

Lemma 3.4. Let < a < I, si,S2 G M and cr G m/°°'°°^'/^'^UK" x K"). Then 
there exists a family {o'g}o<e<i C tS(M" x M^) such that 

(1) {a{X,D)f,g) = lim,^o(ae(X,Z?)/,5) for all f,ge 5(M"), 

(2) ||a<:||.,(oo,oo),(i,i) < C||cr||^(oo,oo),(i,i) for all < e < 1, 

where (•,•) = {•,')s'xs and C is independent of a. 

Proof. Let ^,11^^ 5(R") be such that (/?(0) = 1, supp^ C {|y| < 1}, ^{x) dx — 
1. Set i) = ip{x) ip{i), ^(x, = il}{x) ip{C) and 
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where = <^{ex,e^) and "^.(x,^) ^ e-^'^'<i!{x/e,^/e). Note that cr, G 5(M" x 

M"), $(0,0) = 1 and /g2„ ^'(a;, ^) = 1. Then the weU known fact ^ a in 
5'(R2") as e ^ imphes (1). 
Let us consider (2). If 

(3.1) ||$ecr|| (oo,oo),(i,i) < C||(7|| (oo,oo),(i,i) for aU < e < 1 
and 

(3.2) I|*,*a||^(oo,oo).(i.i, < C||a||^,(oo,oo),(i.i, for all < e < 1, 

(si 1S2) (si ,S2) 



then 



for all < e < 1, and this is the desired estimate. Let us prove p.ip and (|3.2 
But, (|3.2p is trivial since 



|$,(^'<: * Cr)||j,^(oo,oo),(l.l) < Cll^-, *Cr||^^(oo,oo),(l,l) < C||(t||j,^(oo,oo),(1,1) 

(si ,S2),(n.Q) (si ,S2),(a,a) (s 1 , s 2 ) , (ci , a ) 



||vI',*a||^,(.o..o,,(i,i, = (^Q)'MCQ')'1IV'Q(i^.)V'Q'(i^«)(*.*a)llL~(M'^xE") 

= E (^Q)'^(eQ')''ll*^*(^Q(^-)V'Q'(^«)^)l|L~(K"xK") 
Q.Q'eQ 

< E (2;q)^i(Cq'}"^||«',||i,i(r-xR")IIV'q(£'x)?Aq'(^?)o-||l-(R"xR"), 

where Q is an a-covering with a corresponding BAPU {V^glgeQ C 5(R"). We 
prove p.ip . Noting 

supp J"i,2$e C {(?/, ry) : |y| < e, |r/| < e} C {(y, rj) : \y\ < 1, < 1} 

for all < e < 1, we see that 

supp^i^2[$. i^Q{D^)^Q, iD^)a] C {(y, 77) : y G Q + 5(0, 1), ry e g' + 5(0, 1)}. 

Since supg^Q HJ^^^^Vq IIli < cxd, we have by (|2.9p and Lemma BTT] 

[|$.a||^,(c.,c.,,(i,i,^ - E (^Q)'MeQ')^1l'/'Q(^.)'/'Q.(i^«)(*.'^)llL~(K"xK") 

^ E E 

X (a^Q)'^(CQ'>^1I^Q(^x)^Q'(^«)[*^ (^Q(^.)V'Q'(i^«)a)]||i~(E.xK") 

= E E E 

Q,Q'6S Qn(Q+S(O,l))5^0 Q'n(Q'+B(O,l))#0 
Qea Q'ea 

X (2^Q)'^(CQ'>''IIV^Qpx)V'Q,(^«)[$e (V^Q (i^. )^Q' (i^« )a)] (R. xK") 

<C(n^,)2 ^ (xQ)^MeQ')^1l$e(^Q(i^.)V'Q'(^«)^)llLoo(«"xK") 

< C(n^)2||<I>||L=o(K^xR")lkllM<~-~)-<i'i' ' 

(si,s2).(a.oi) 

where rig is as in Lemma [2. II (2). The proof is complete. □ 
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We are now ready to prove Theorem 1 1.1 



Proof of Theorem By Lemma 13.41 it is enough to prove Theorem 11.11 with 

cr e 5(M" X M"). Let ip,x be as in Lemma [3Tl a e iS(M" x K") and / e 5(R"). 
By Lemma |3. 11 we have 

h{x) = aiX, D)f{x) = -1- / e"-« a{x, M d£, 

(3.3) = ^ e*^-« ^) /(^ (^^^ (v:'x)(^ " r) dr) 

= 1 '"''(iTvJ e"-«a(a:,^ + T)^(Ox(e)/(e + r)de)dr. 

Let < a < 1 and Q be an a-covering with a corresponding BAPU {i/'glgeQ C 
>S(R"). Set 

=a(a;,^ + r) and fr = J'-'i^ f{- + r)]. 

Then, by (EH), 

(3.4) ar{x,0= [MD.)^Q'iD^WrKx,0= E ^-.Q.C (a^, 0, 

Q,Q'eQ Q.Q'eQ 

where 

c^r,Q,Q'(a;,0 = [il-'Q{Dx)ipQ'{D^)ar]{x,£,). 
Note that ct^.q.q' (x, G S{R^ x M^'). By dSS]) and (EH), 

/i(x) = e"- a. (a;, C) x(C) (¥^(0 /(C + r)) d^^ dr 

(3.5) = / e"-^ar{X,D)x{D)frix)dT 

= E / e"V.,Q^Q.(^,^)x(^)/r(a;)dr= ^Q.Q'W' 

where 

^Q.Q'(a;)= / e''''^5Q,Q'(a;,T)dT, ^q^q- (x, t) = ct^,q,q/ (X, i:))x(£')/r (a;). 



We consider /iq.q', and set (gQ,Q')T(a;) = 9Q.Q'{x, t). Since supp-0Q C Q, supp(y5 C 
5(0, 1) and 

{.m^)r{y) = j^ I ^.^Je--«a.,Q,Q.(a:,0]x(09'(0/(e + r)dC 



1 



(27r)" 
1 



(27r)" 



[•^i^r.Q.Q'Ky - e, Oxio vio /(e + t) d^ 

My - [^i(VQ'(i?c)a.)](y - to xiO fiO m + r)dt 



we see that supp {gQ^Q')r C Q + B{0, 1). On the other hand, it is easy to show that 

sup^^gM^ \\9q,q'{x,-)\\l^R") < oo since 

(3.6) ||crr,Q,Q'|U~(R'.xB") < ||-^"VQllLi||-^"VQ'l|Li|k||Loo(K„xR"), 
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and gQ.Q'ix,T) e L^iK^: x M") will be proved in the below. Hence, by Lemma [3^ 
and (12.31). we have 



(3.7) ||/iQ,Q'IU^ <C|Q + i3(0,l)|i/2||5Q,Q,|U.(R,.,R„) <C|Q|i/2|| 

9Q,Q'\\l^{R"xR") 

for all Q, Q' e Q. We next consider gq^Q', and set (77xiQ'ix,S,) = '^r,Q,Q'ix,£,)xiS,) 
and (f^^Q^')3;(0 = Or^Q^'(a^:0- Then 

(3.8) gQ^Q,{x,T) = 6Q^r{X,D)fr{x). 
Since suppV^g/ C Q' , suppx C -6(0, 1) and 

1 



H{(^T,Q,Q')x\{v) = -f^^{^2(Tr.Q.Q'{x, ■)) * X{ri) 

= ■^^:^('/'Q'(-^2V'Q(-C'2;)o-r)(a;, •)) * x{v), 



we see that supp ^^^[((xjr^^/)^.] C Q' + i?(0, 1). On the other hand, (|3.6p gives 
(^'^M^Q')x(0 G i^R?) n L2(K|). Thus, by jO]), ([SJ]) and LemmaO we have 

||5Q,Q'(-,T)|U. <C|Q' + i3(0,l)|i/2 sup |k';:^.(a;r)llLHI/r||L2 

< C|(3Y^^lkr,Q,Q'||L~(R"xK")||xl|LHI/T||L2 

= C|QT/'ll^Q(^.)^Q'(^e)'^IU~(K'.xR")||MU^ 

for aU Q,Q' e Q. This implies 

. 1/2 



||ffQ,Q'||i2(R"xR'.) = ll5Q,Q'(-,T)llL2C^'r| 

= C|Qr/'llV'Q(i?.)^Q'(i?c)fT|U==(R"xR") 1^^^ |/r(e)f rf?) rfrj 



^ 1/2 



for aU Q,g' e Q. Recah that (a;Q)"" x |Q| and (Cq-)"" x |Q'| for aU Q,g' e Q, 
where xq e Q and ^q' € Q' (see the definition of an a-covering). Therefore, by 
(13311. (l3Jll and (133, 



||a(x,i^)/IU. = ||;i|U. < 5] II 



< 



c\ E iQr/'iQ'r/'iiV'Q(i5.)^Q'(i5c)aiu= 



(xQ)""/2(CQ')""/^||VQ(i?.)^Q'(i?c)^l|L= 



This is the desired result. 
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4. Commutators and o-modulation spaces 

In this section, we prove Theorem II .21 We recall the definition of commutators. 
Let a be a Lipschitz function on M", that is, 

(4.1) \a{x) ~ a{y)\ < A\x ~ y\ for aU a;, j/ G R". 

Note that a satisfies (|4.1I) if and only if a is differentiable (in the ordinary sense) 
and S L°°(R") for |^| = 1 (see [Ml Chapter 8, Theorem 3]). If T is a bounded 
linear operator on L^(R"), then T{af) and aTf make sense as elements in Lf^^{W^) 
when / G iS(R"), since \a{x)\ < C(l + \x\) for some constant C > 0. Hence, the 
commutator [T, a] can be defined by 

[T, a]f{x) = T{af){x) - a{x)Tf{x) for / G 5(R"). 

In order to prove Theorem 11.21 we prepare the following lemmas: 

Lemma 4.1. Let T be a hounded linear operator on L^(M"), and a he a Lipschitz 
function on M" with ||Va||L°° 7^ 0. Then there exist e(a) > and {ae}o<e<e(a) C 
S{W^) such that 

(1) ([T, a]/, g) = lim,^o([T, a,]f, g) for all f,ge 5(R"), 

(2) ||Va,||L~ < C||Va||L=o for all < e < e(a), 

where C is independent of T and a, (•, •) denotes the L^-inner product, and Va = 
(9ia, . . . ,c'„a). 

Proof. Let (p G <S(R"') be such that Lp{0) — 1, jg„ ip{x) dx = 1 and supptp C {a; G 
R" : |a;| < 1}. If we set a^^x) — (p{ex){ipe * a){x), then {ae}o<e<e(a) C 5(E") 
satisfies (1) and (2), where fe{x) — e~"'(p{x/e) and e(a) will be chosen in the below. 

We first consider (2). Since \a{x) — a{y)\ < ||Va||ioo|x — y\ for all x,y E E", we 
see that 

\di{ae{x))\ < e\{diip){ex) * a{x)\ + \ip{£x) (pe * {dia){x)\ 

< e\id,^)iex) (if, * a{x) - a(0))| + e|(a,^)(ex) a(0)| + || Va|U~ 

<e\{V^){ex)\ f ||Va||L~(l + |a:|)(l + e|2;|)|v.(2;)|dy 

+ e|a(0)|||V(/j||L^ + ||(^||ii||(^||i^||Va||L~ 

< CiC^llValU- +e|a(0)|||V^||L~ + || Va||L^ 

for all < e < 1, where = sup^^gK^ll + kl)|V(;5(a;)| and = J^^{1 + 
\y\)\ip{y)\ dy. Hence, we obtain (2) with e(a) = min{|| Va||Loo/|a(0)|, 1} if a(0) ^ 0, 
and e(a) = 1 if a(0) = 0. 

We next consider (1). Since a is continuous and \a{x)\ < C(H-|a;|) for all x G M", 
we see that lim^^o ae{x) = a{x) for all x G R", and |ae(a;)| < C||<p||l~C^(1 + |a;|) 
for all < e < e(a) and x G R". Hence, by the Lebesgue dominated convergence 
theorem, we have that \im^-,o{a^Tf,g) — {aTf,g) for all f,g G 5(R"), and a^f — > 
af in L2(R") as e for all / G 5(R"), and consequently T{aJ) T{af) in 
L2(R") as e ^ for all / G 5(R"). The proof is complete. □ 

Lemma 4.2. Let a{x,£^) G iS(R" x R") he such that suppS^ C ^l, where (Tx{^) = 
a{x,S,), Ox{ri) = J-2a{x,r]) and is a compact suhset o/R" independent of x. Then 
there exists a constant C > such that 

\a{X,D)f{x)\<CM^/^\\a{x,-)UA\f\\L^ 
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for all f G where C is independent of a and fl. 

Proof. Since 

a{X,D)f{x)^-^ I ([ e-^y<a{x,Od()fix + y)dy 

1 



(27r)" 



Oxiy) fix + y) dy 



1 



(27r)" 



Ox{y) fix + y) dy. 



we have by Schwartz's inequahty and Planchcrel's theorem 

\cj{x,D)f{x)\ < Cn\n\^/^\\^AL4f\\L^ - aM^^^h^L^fh^ 

The proof is complete. 



□ 



Lemma 4.3. Let < a < 1. Then there exists an a-covering Q o/ M" with a 
corresponding BAPU {i^Q^QeQ C iS(]R") satisfying 

\\dPiT-^i:Q)\\L^ < Cpi^q)^^^ for all e Q and Q e Q, 
where ^ e = {0,1,...}". 

Proof. If a = 1 then Lemma [4.31 is trivial, since we can take {(pj}j>Q as a BAPU 
corresponding to the a-covering {{|<^| < 2},{{2^~^ < |^| < 2^+^}}j>i}, where 
{'Pj}j>o is as in p.7|) . 

We consider the case < a < 1. Let = B(|A:|"/(i-")fc, r|A:|"/(i-")) and $ G 
5(M") be such that inf|5|<^/2 > and supp$ C B(0,r), where A: G Z" \ {0} 

and r is sufficiently large. Set 



MO 



gkiO 



and fffc(0 = *(|cfcr"(e-cfc)), fcGZ"\{0}, 



I]nGZ"\{0} 9ni0 

where Ck — |fc|"/'-^^"-'fc. In the proof of [TJ Proposition A.l] (or [51 Proposition 
2.4]), Borup and Nielsen proved that the pair of {S^}fceZ"\{o} and {V'/c}fceZ"\{o} is 
an a-covermg of M" with a corresponding BAPU, and Id^^ipkiOl < C'/3(0"'^'" and 
IIS^V^IIli < C'f, for aU k G Z« \ {0} and /3 G Z^, where MO = V'dcfcl"^ + Cfc). 
Since {i?fc}fcez"\{o} is an a-covering of R", we have (cfc) >; (Csj) for all g 
and fc G Z" \ {0}. Noting supp V'fc C i?(0, r), we see that 




1 



(2^) 

e'^'-HWkr^ + CkfMOdi 



e'^-H^MOd^ 
dx 



dx 



7|<n+l 




dx < Cp^ni^Bl) 



for aU e Bl.,ke1''\ {0} and P eZ^. The proof is complete. 
We are now ready to prove Theorem II. 2 1 



□ 



Proof of TheoremUM Let cr G M. 



»- ( OO , OO ) , ( 1 . 1 ) 



1) (oi q)(^^ ^ ^^^) a be a Lipschitz 



(an/2,an+l) , (a, a) 

function on Then, by Theorem ll.ll we see that (t(X, Z)) is bounded on 
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Since [a{X, D), a] = if a is a constant function, we may assume HVallL^^ 7^ 0. 
Hence, by Lemmas 13.41 and 4.1, we have 



{[a{X,D),a]f,g) = \im{[a{X, D), a,]f, g) = lim lim ([<j,,{X, D),a,]f, g) 



for all f,g e >S(M"), where {c7e'}o<e'<i C 5(R" x M") and {aJo<,<e(a) C 5(R") 
are as in Lemmas 13.41 and 14.11 Hence, it is enough to prove Theorem 11.21 with 
a G 5(R" X R") and a e 5(R"). We note that 
(4.2) 

[a{X,D),a]f{x)^C,, [ e'-< ( [ e'^'^ {a{x, ^ + r^) - a{x,0)a{v) dv) M 

for aU / e 5(R"), where cr e 5(R" x R") and a e 5(R"). In fact, 

1 



CTiX,D){af)ix) 



and 



a{x)a{X,D)fix) 



(27r)" 
1 

(27r)" 
1 



e^-'^aix.ri) af{r])dr] 
1 



{2n) 



e"-''a(a;,77) 



e"-''a(?7)d?7 



(27r)" 
1 



e"<a{x,OfiOdt 



We decompose cr and a as follows: 



(4.3) cr(x,0= X! and a(a;) = ^ .^^ (L')a(a;), 

Q.Q'eS i=o 
where o'q_q/(2:,^) = ipQ{Dx)'4'Qi{D()a{x,£^), Q is an a-covering of R" with a cor- 
responding BAPU {^/'glgeQ C 5(R"), and {fj}j>o is as in (12. 7p . Then, by the 
decomposition 



(4.4) [aiX,D),a]= ^ [^q.q, (X, i?), ^o(^)a] + ^[^(X, i?), (i?)a]. 
Q.Q'eQ j=i 

We consider the first sum of the right-hand side of (|4.4p . By (|4.2p and Taylor's 
formula, we have 

[aQ^Q,{X,D),MD)a]f{x) 



e"" a^,aQ,Q,(x, e + try) v5o(r?) afca(7?)d77 /(^d^ c^^, 



where 77 = (r/i, . . . , 77„) e R". Hence, by Theorem I l.l) 
||[aQ,Q.(X,Z?),(^o(^)a]/||L= 



(4.5) 



< 



e"''' %,crQ,Q' (a;, ^ + t?7) .^o(r/) 9fca(77) d?7 



Af 



(00, 00), (1,1) 

(a„/2,c,™/2),(o,Q) 



PSEUDO-DIFFERENTIAL OPERATORS WITH SYMBOLS IN a-MODULATION SPACES 13 



Note that a^.crg.Q' (a;, ^ + It]) e S{W^ x W^). Since 



and supggg ||^ ^"0(3 IIl^ < oo, we have by Lemma |2. II 
(4.6) 



M, 



(oo,cx,).(l,l) 
(Q„/2.Q„/2),(a,Q) 



V2 



Qn(Q+S(O,2))5^0 Q'nQV0 
QGQ Q'ee 



<C(:rQ)""/2(CQ')""/' 



Let X e 5(M") be such that |x| > 1 on {|^| < 4} and suppx C {|a;| < 1} (for 
the existence of such a function, see the proof of [Ml Theorem 2.6]). Since (/Jq — 
VoX/x = x(<Po/x)j we can write ipo=x^^ where 3> = yJo/x £ 5(M"). Then 

(4.7) 

e"-" %^Q,Q'(2^,e + tT^) Xiv) Hri) Kaiv) dr^ = r^;*Q«(X,I?)($(i?)(a,a))(:r), 
where Tq'q^ (a;, 77) = B^^uq^q, (x, ^ + t??) x('7)- Since 

we have 

(4.8) suppT[{r^%^,),] C {C e M" : C e iQ' + 5(0, 1)}, 

where {tq'*q,)x{ii) — '''q*q'{x,v) and tQ' = {t( : ( e Q'}. On the other hand, by 
(1231) . (|2^ and Lemma ifel we see that 



(4.9) 



ll%crQ,Q'IU-(R"xR") < E ll%(^Q'(^c)f^Q^Q')lli~(R"> 
Q'es 

= sup [%(^~Vq')] ^c^Q^Q'Gt,-) ^ 

Q'nQ'#0 

Q'nQ'#0 

< C" ^ (CQ')lkQ,Q'llL==(R"xR") < C'«o(^Q')||o■Q,Q'||Loo(R„xM")■ 
Q'nQ'5^0 
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We note that Tq^^^, {x, rj) e S{W^ x W^) for every 1 < A: < n, < i < 1 and ^ e M", 
since a e 5(M" x R"). Thus, by gJ]), gl]), (gH) and LemmaS^l we obtain 

that 



sup 



(4.10) <C|iQ' + 5(0, 1)11/2 ^upJ|4';^,(x,.)||L^j mD){dua)\\ 

<C|Qf/2||9^,aQ,Q,|U»(K„,K„)||x|U2||$|Ui||9,a|U» 
< C'(Cq')""^^^"^ Ikg.Q' I|l°=(R"xR") II Vall^oo 
for aU < t < 1. Combining (|4?5l) . (|46| and (|4T0ll . we have 

||[a(X,7?),^o(^)a]/|U2 < ^ ||[aQ,Q-(X,Z?),^o(i?)a]/|U= 

Q,Q'ee 

<C||Va|U»( ^ (xq)""/2(^q,)-+1||^^^^,||^^(j^„^^„j I IIJII^, 



™(a„/2,a„ + l),(Q,c,) 



= C||Va|U^||a||^(^,„),a,,) 
We next consider the second sum of the right-hand side ()4.4|) . Since 
V,{D)<^) = / 2^"(^-V)(2-''(a; - y)) (a(y) - a{x)) dx 



and a is a Lipschitz function, we have ||(^j (£')a||ioo < C2 ^||Va||Loo for all j > 1. 
Hence, by Theorem II .![ we see that 

oo 

J2\MX,D),^,{D)a]fh. 

OO 

< ^ {\\a{X,D){^,{D)a)fh2 + \\{^,{D)a)<j{X, D)f\\L.) 

OO 

<C^2"^||Va|U^||a||^(^.^,a,i, ||/|U. 

<C||Va|U^|k||^(^,^,.a,„ II/IU2. 
The proof is complete. 

Appendix A. The inclusion between Besov and modulation spaces 

Let 1 < p,q < 00 and p' be the conjugate exponent of p (that is, l/p+ 1/p' — 1). 
In [221 Theorem 3.1], Toft proved the inclusions 

B"'" , ,(K") AP^nW) , ,(M"), 

where 

vi{p, q) = max{0, 1/g - min(l/p, 1/p')}, 
(P; 9) = min{0, 1/(7 — max(l/p, 1/p')}. 
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Due to Sugimoto-Tomita 25, Theorem 1.2], the optimahty of the inclusion relation 
between Besov and modulation spaces is described in the following way: 

Theorem A.l. Let 1 < p, q < oo and s G M. Then the following are true: 

(1) //BP'«(M") ^ AfP'«(R"), then s > nvi{p,q). 

(2) If MV^i(W) ^ BP-'J{M"), then s < nv2{p,q). 

In particular, we have the best inclusions 

Hence, we see that i?^^ (R") and M°°'^(R") have no inclusion relation with each 
others. We remark that the statement (2) was shown in a restricted case 1 < p,q < 
oo in 25j, but it is also true for the endpoint p = oo oi q ^ oo. For example, 
if we assume that M°°'9(R") ^ '^(R") with s > nv2{oo,q), then we have 
MP'9(R") ^ Bf'^{W) (2 < p < oo) with s > ni'2(p,q) by interpolating it with 
the fact M^'^ = iJg'^, where 1 < g < oo is a number determined by p and q. This 
contradicts to (2) with 1 < p^q < oo. 
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